Introduction {#Sec1}
============

During development and regeneration of biological tissues, stem cells play a crucial role in controlling growth, morphology, and tissue size. Stem cells proliferate to maintain their population while they differentiate to give rise to other types of cells for specification of their fates, leading to tissues of different biological functions and properties. The stem cell population and tissue growth are intimately connected, and stem cell behavior is governed by many intrinsic and extrinsic factors, often through regulation of the self-renewal and the cell cycle length of stem cells \[[@CR33]\]. Such regulatory factors include intracellular signaling, diffusive molecules secreted by cells \[[@CR15]\], cell-to-cell interactions \[[@CR4]\], mechanical forces, and contact-mediated intercellular signaling of morphogens \[[@CR15]\]. As a result, the stem cell niche, the microenvironment in which stem cells reside in a tissue, has been identified as a key factor for the sustenance of stem cells and regenerative tissues as a whole \[[@CR19], [@CR37], [@CR43]\].

To model spatial and temporal dynamics of stem cells and tissue growth, the discrete cell approach, such as cellular automata \[[@CR57]\] or subcellular element methods \[[@CR44]\], may be used directly to track each individual cell in the tissue for its growth and spatial dynamics. Such techniques are computationally convenient and useful when the number of cells is small or when the individuality of stem cells and their discrete nature are important in modeling cell lineages and growth \[[@CR12], [@CR49]\]. For tissues of large numbers of cells, continuum models, in which cell densities are functions of space and time, are governed by conservation laws, such as those for the spreading and invasion of solid tumors \[[@CR2], [@CR13], [@CR24], [@CR25]\], may be more appropriate. This avenue provides a robust framework that allows for direct incorporation of many important biochemical regulations and physical and mechanical components often observed in stem cell niches and tissue growth.

Recently, a one-dimensional continuum model has been developed to study the spatial aspects of cell lineages and the formation and sustenance of the stem cell niche in the olfactory epithelium (OE) \[[@CR11]\]. Using morphogens to provide feedback on the fates of stem cells together with a permeable basal lamina, the model achieves a stratification of cell layers as the tissue grows to a homeostatic state during development. In this model, the geometry of the tissue is simplified to one spatial dimension along the basal-apical axis with one end of the tissue at the basal lamina assumed to be fixed while the other end is dynamic due to proliferation and differentiation of stem cells and other cell types in the tissue. While the model is focused on the stratification of different types of cells in the vertical direction, it neglects influences from neighboring cells in the horizontal direction parallel to the basal lamina that have been observed experimentally to exhibit strong spatial inhomogeneity in many types of epithelia \[[@CR20], [@CR22], [@CR35]\].

Continuum tissue modeling in high dimensions, as opposed to one dimension, presents significant computational challenges. Often some form of a mechanical closure is required to solve for the tissue growth velocity. Because tissue growth involves interfacial motion of boundaries of the tissue domain, the two-dimensional models also require special computational techniques for the treatment of such moving boundaries. Level set methods \[[@CR47], [@CR53]\], phase field methods \[[@CR9], [@CR61]\], and immersed interface methods \[[@CR31], [@CR39]\] are robust approaches, particularly suitable for dealing with topological changes of the dynamic interfaces. Interface tracking methods, such as the boundary integral approach \[[@CR38]\] and front-tracking methods \[[@CR21], [@CR40], [@CR56]\], are efficient and accurate in capturing fine structures of the interfaces.

For tissue growth driven by a stem cell niche, several crucial aspects must be taken into consideration when choosing numerical methods for interfacial motion. Often, intertissue signaling of diffusive regulatory molecules occurs across tissue boundaries \[[@CR11]\], indicating that methods capturing the boundary in a non-diffuse fashion may be most appropriate. The presence of cell-to-cell adhesion \[[@CR24]\] may intricate details of the tissue boundary and require accurate tracking of its movement. To capture long-term distortions of tissue morphology, preservation of the interface over long time scales may be necessary. Also, accounting for topological changes of the tissue domain may not be of particular importance as budding, pinching, and fusion of domains rarely occur with developing and regenerative tissues.

Here, we introduce numerical methods for stem cells, cell lineages and tissue growth in two spatial dimensions through a continuum modeling framework. We develop an interface-tracking method based on a transformation technique recently developed for studing viscous effects of Stokes waves using the incompressible Navier--Stokes equations in two spatial dimensions \[[@CR58]\]. In this approach, a single interfacial boundary between two fluids is dealt with by transforming the deformed geometry and governing equations to the unit square. The resultant incompressibility equation with variable coefficients are then solved by an iterative procedure that enables usage of the pseudospectral method in the horizontal direction in which periodicity is assumed. This method, which explicitly tracks the interface, can easily incorporate transformations that allow clustering of points in localized spatial regions for better accuracy and efficiency.

Our models for growing tissues of different cell types consist of convection equations for cell movement and proliferation, equations for tissue incompressibility and Darcy's law, and reaction--convection--diffusion equations for diffusive molecules secreted by cells. At the center of our numerical approach is a high-order finite difference approximation for solving the tissue incompressibility equation along with a multigrid solver. To handle more complex growth features, we extend the one dynamic boundary transformation-based approach to domains with two dynamic boundaries. We also re-formulate the model in polar coordinates to handle closed geometries and introduce a corresponding transformation to the unit circle for the usage of multigrid methods in polar coordinates. The convection terms are treated with the second-order upwind schemes and the temporal discretization is approximated by second order TVD Runge--Kutta methods \[[@CR23]\].

Numerical tests of various cases demonstrate that our computational framework is second-order accurate in both time and space with one or two dynamic boundaries in rectangular coordinates and in polar coordinates. We also demonstrate through examples that the combination of high-order finite difference spatial discretizations in conjunction with multigrid solvers provide a robust method for the movement of tissue interfaces after transformation. In particular, it is shown that this approach is more efficient and robust in capturing significantly deformed interfaces than the pseudospectral approach with a direct iterative solver \[[@CR58]\].

To apply our methods to biological tissues, we use the stem cell niche in stratified epithelia, an open geometry system, and the *Drosophila* imaginal wing disc, a closed geometry system, as models. We first extend the one-dimensional OE model \[[@CR11]\] to general stratified epithelia with two different types of stem cell niches in two dimensions (this model will be further studied in \[[@CR48]\]). The imaginal wing disc serves as an application for our methods in polar coordinates to study the scaling of morphogen gradients during growth.

The remainder of this paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we construct methods to solve equations governing tissue growth on a moving domain with one and two dynamic boundaries in rectangular coordinates; in Sect. [3](#Sec8){ref-type="sec"}, we develop such methods for polar coordinates; in Sect. [4](#Sec12){ref-type="sec"}, we provide computational results to test our methods and compare them to an iterative pseudospectral approach; in Sect. [5](#Sec13){ref-type="sec"}, we apply our methods to the stem cell niche in stratified epithelia and to the *Drosophila* imaginal wing disc; and in Sect. [6](#Sec16){ref-type="sec"}, we conclude the paper.

Numerical Methods in Rectangular Coordinates {#Sec2}
============================================

One Dynamic Boundary {#Sec3}
--------------------
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### Transformation to the Unit Square {#Sec4}
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### Scaling the Tissue Growth System {#Sec5}
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Two Dynamic Boundaries {#Sec6}
----------------------

Let us also consider the case in which the tissue does not have a rigid boundary at $\documentclass[12pt]{minimal}
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Spatial and Temporal Discretizations and Multigrid Solvers {#Sec7}
----------------------------------------------------------
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Here, we use fourth-order central difference approximations for the derivatives of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h$$\end{document}$ and the partial derivatives of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{P}$$\end{document}$ in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X$$\end{document}$-direction, namely,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\partial f}{\partial X}&\approx \frac{-f_{i+2}+8f_{i+1}-8f_{i-1}+f_{i-2}}{12\Delta X},\end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\partial ^2f}{\partial X^2}&\approx \frac{-f_{i+2}+16f_{i+1}-30f_{i}+16f_{i-1}-f_{i-2}}{12\Delta X^2}. \end{aligned}$$\end{document}$$Because of the assumed periodic boundary conditions in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X$$\end{document}$ direction of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\Omega }$$\end{document}$ in the system, the five-point stencil in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X$$\end{document}$-direction near the boundary can be implemented in a straightforward fashion. For the discretization of the partial derivatives in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y$$\end{document}$-direction, we use second-order central difference approximations.

To solve the linear system that results from the spatial discretization of Poisson's equation in Eq. ([21](#Equ21){ref-type=""}), we implement a Gauss--Seidel iterative scheme with a multigrid solver, though other schemes, such as Newton relaxation, may be used. Our transformed Laplacian operator described in Eq. ([17](#Equ17){ref-type=""}) stands very different from the usual Laplacian operator on the unit square due to first-order and mixed partial derivatives that are present, and, more importantly, variable coefficients for three of the terms. This notion draws similarities between our transformed Laplacian operator and the anisotropic diffusion operator. Several multigrid algorithms have been constructed to robustly and efficiently handle the anisotropic diffusion operator and general cases with variable coefficients \[[@CR1], [@CR16], [@CR42], [@CR46], [@CR51]\], which may be applied here. However, for simplicity, we implement a multigrid algorithm that is often applied to solve elliptic problems with constant coefficients discussed in \[[@CR8]\] with a 9-point full-weighting for the restriction operator. As a result of the variable coefficients, the number of Gauss--Seidel relaxations we would need to implement on each level to solve the linear system exactly is dependent upon the size of the original grid, which stands in contrast to the case with constant coefficients. In all of our numerical simulations, we use 80 Gauss--Seidel relaxations on each level to ensure the multigrid algorithm solves the resultant linear system accurately, though this many relaxations on each grid is often unnecessary.
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Numerical Methods in Polar Coordinates {#Sec8}
======================================

In this section, we translate the moving boundary system in rectangular coordinates described in Sect. [2](#Sec2){ref-type="sec"} to a formulation in polar coordinates. We begin with a two-dimensional polar domain $\documentclass[12pt]{minimal}
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Transformation to the Unit Circle {#Sec9}
---------------------------------

We transform the system in Eqs. ([34](#Equ34){ref-type=""}--[37](#Equ37){ref-type=""}) from $\documentclass[12pt]{minimal}
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Scaling the Tissue Growth System in Polar Coordinates {#Sec10}
-----------------------------------------------------
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Spatial and Temporal Discretization and Multigrid Solvers in Polar Coordinates {#Sec11}
------------------------------------------------------------------------------

In polar coordinates, the overall computational approach stands very similar to the multigrid approach for rectangular coordinates developed in Sect. [2](#Sec2){ref-type="sec"}. A fourth-order central difference approximation is used to discretize in the $\documentclass[12pt]{minimal}
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The behavior of the system at the singularity at the origin depends on the choice of $\documentclass[12pt]{minimal}
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For movement of the dynamic boundary in polar coordinates and temporal discretization, upwind discretizations and Runge--Kutta methods are used as described for rectangular coordinates.

Numerical Tests {#Sec12}
===============

In this section, we demonstrate that the order of accuracy of our method for interfacial motion using a transformation achieves an overall second-order spatiotemporal accuracy. We also compare the performance of implementing a multigrid solver with a fourth-order central difference approximation in the $\documentclass[12pt]{minimal}
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Table [2](#Tab2){ref-type="table"} demonstrates that a multigrid solver with a fourth-order central difference approximation in the $\documentclass[12pt]{minimal}
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Applications {#Sec13}
============

In this section, we apply our numerical methods for tissue growth to two model systems in developmental biology: stratified epithelia and the *Drosophila* imaginal wing disc. The application to developing stratified epithelia focuses on the spatial aspects of cell lineages and stem cell niche formation via gradients of signaling molecules in open geometries using the two-dimensional rectangular coordinate system approach presented in Sect. [2](#Sec2){ref-type="sec"}. For tissue growth in the closed geometry of the imaginal wing disc, we test our methods in polar coordinates for an expansion--repression mechanism on a growing domain and its effects on the scaling of morphogen gradients. For both systems, proliferation and its interplay with biochemical signaling processes play critical roles in tissue growth.

A Spatial Cell Lineage Model in Two-Dimensions {#Sec14}
----------------------------------------------

Stratified epithelia are great model systems to study the development, sustenance, and regeneration of tissues through a cell lineage, in which the progeny of cells progress from stem to terminal differential stages. Many types of epithelia that are several cells thick stratify into different cell layers and maintain a population of stem cells along the basal lamina of the tissue. Examples of such tissues are evident in the epidermis \[[@CR30]\], OE \[[@CR54]\], and cerebral cortex \[[@CR18]\]. In these tissues, the stem cell niche plays the crucial role of controlling the populations of cell types that stratify in layers during developmental, homeostatic, and regenerative conditions \[[@CR50]\]. Though the patterning of cell layers occurs primarily along the apical-basal direction, spatially varying two- and three-dimensional tissue morphologies have been observed in stratified epithelia \[[@CR20], [@CR22], [@CR35]\]. Here, we will extend the one-dimensional mathematical model for the stratification of cell layers and the formation of a stem cell niche in the OE \[[@CR11]\] to a model for stratified epithelia in two-dimensions \[[@CR48]\].Table 5Errors, orders of accuracy, and CPU times for calculation of the internal tissue pressure and boundary movement for the case with two dynamic boundary given by Eqs. ([4](#Equ4){ref-type=""}, [25](#Equ25){ref-type=""}--[28](#Equ28){ref-type=""}) up to time $\documentclass[12pt]{minimal}
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To solve the convection equations describing the distributions of the cell densities in the tissue given by Eq. ([78](#Equ78){ref-type=""}), a second-order upwind discretization was implemented in space along with a temporal discretization using a second-order TVD Runge--Kutta \[[@CR23]\]. For the morphogen system in Eqs. ([79](#Equ79){ref-type=""}--[80](#Equ80){ref-type=""}), second-order central difference approximations are used in the $\documentclass[12pt]{minimal}
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Our method incorporating high-order central difference approximations and multigrid solvers enables fast and robust computation of stem cell tissue models in which biological processes occur at the molecular, cellular, and tissue level. This robust framework can also capture large distortion of tissue boundaries over long time scales by accurate and explicit tracking of the interfacial motion in the system.

An Expansion--Repression Model for the Imaginal Wing Disc in a Closed Geometry {#Sec15}
------------------------------------------------------------------------------

The *Drosophila* imaginal wing disc serves as a popular model system for studying morphogen gradients and their role in long-range extracellular signaling in a developmental tissue. In particular, the morphogen decapentaplegic (Dpp), a bone morphogenetic protein (BMP) homolog, and its effects on wing vein placement and on growth of the wing disc are at the center of many recent experimental and modeling studies \[[@CR3], [@CR29], [@CR34]\]. Dpp is produced along a thin region oriented along the dorsal-ventral axis and, as a result, its gradient forms along the anterior-posterior axis of the wing disc during the larval stages of development \[[@CR55]\]. It has been shown experimentally that the gradient persists as the wing grows and maintains approximately the same length scale even as it assumes different sizes \[[@CR59]\].

Recent work incorporates experiments and mathematical modeling to demonstrate that the morphogen Pentagone (Pent) diffuses throughout the disc and interacts extracellularly with Dpp in an expansion--repression mechanism to properly scale the Dpp gradient relative to the size of the disc \[[@CR7], [@CR26]\]. One of the models used to study this interaction, which does not explicitly include growth of the disc, is a two-component system consisting of a morphogen, $\documentclass[12pt]{minimal}
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To account for the tissue growth, the equations for morphogens \[[@CR7]\] need addition of convective terms, and the equations become$$\documentclass[12pt]{minimal}
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To study the expansion--repression mechanism on a growing closed geometric domain, it is natural to use polar coordinates to represent the equations describing the imaginal wing disc. Similar to the morphogen systems in stratified epithelia, we assume that the time scale in which the morphogen reaches a steady state is significantly quicker than that of the tissue growth. Consequently, the morphogen system can be solved at a quasi-steady state, and, after applying the transformation, Eqs. ([85](#Equ85){ref-type=""}--[86](#Equ86){ref-type=""}) in polar coordinates become,$$\documentclass[12pt]{minimal}
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Experimental evidence suggest that the slope of the Dpp gradient prompts uniform proliferation of the wing disc as it grows \[[@CR52]\]. Such regulation in growth in principle may be modeled via additional modifications in equations for $\documentclass[12pt]{minimal}
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Conclusions {#Sec16}
===========

Spatial modeling of the stem cell niche and growth in developing and regenerative tissues consisting of multiple physical and biochemical processes is computationally challenging. In this paper, we have presented a continuum model of moving boundaries for tissue growth involving stem cells, cell lineages, and diffusive feedback molecules. In particular, we have developed a robust and accurate numerical method using a transformation technique to capture one or two dynamic boundaries in open geometries and growing closed geometries that are represented in polar coordinates. One important feature of the method is its capability of placing more grid points near dynamic boundaries that are tracked explicitly for increased resolution through a scaling by the transformation function. Another key element is an integration of a high-order finite difference approximation and a multigrid iterative solver for solving the transformed incompressibility equation for tissue.

This approach enables accurate computation of a moving boundary where surface tension exists due to cell-to-cell adhesion and where intertissue signaling molecules diffuse across the interface, leading to a second-order accuracy of the overall method in both space and time. Most importantly, such an approach enables the robust computation of undulated boundaries during tissue growth that are driven by the leakage of diffusive feedback molecules through explicitly and accurately tracked moving boundaries and the molecules' regulation of stem cell fates. In particular, our method is robust in comparison to an iterative pseudospectral approach that is accurate but less robust in resolving deformed interfaces. Applications to developing stratified epithelia and the imaginal wing disc demonstrate that the overall numerical method is flexible in incorporating various biochemical processes (e.g. multiple morphogens) and capable of simulating long-term morphological tissue distortion.

In several instances, adaptive mesh refinement is used for the computation of interfacial motion computation in biological systems for necessary accurate boundary treatment \[[@CR10], [@CR14]\], but this approach comes with a difficulty in implementation and, often, the inclusion of pre-existing software packages \[[@CR41], [@CR62]\]. Our method allows for the accurate treatment of the boundary in a natural fashion by clustering grid points near dynamic interfaces using mathematical transformations to eliminate the necessity to include adaptive mesh refinement. However, with this approach comes the more difficult treatment of differential operators after transformation and also the constraint that the interface must be described as the graph of a function of $\documentclass[12pt]{minimal}
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The modeling and computational framework presented can also be extended to other complex biological systems, such as the regenerative roles of stem cells in the liver and heart, or stem cell differentiation during tooth development. Importantly, each of the respective computational domains of these possible applications include interfaces that may be described as a graph of a function of one spatial variable and may contain more mechanistic effects, several lineages, and more complex downstream regulatory networks. The methods presented here can also be extended to geometries with non-simply connected domains, which may be relevant for tissue culture models in vitro in which intertissue communication by morphogens occurs, by considering separate pressure and interfacial variables for each simply connected subdomain. For efficient exploration of such complex models, it is important to refine the multigrid algorithms to account for variable coefficients in the tissue incompressibility equations such that the number of iterations during relaxations required for convergence becomes less sensitive to the size of the computational grid. More advanced temporal integrators, such as semi-implicit integration factor methods designed for stiff systems \[[@CR45], [@CR63]\], may be needed for better treatment of multiple time scales that are associated with many biochemical processes during tissue growth. Finally, it would be interesting to extend the model and computational framework to three spatial dimensions, providing a better understanding and additional insight into tissue morphologies and the roles of stem cells in growth in the third spatial direction that cannot be captured by two-dimensional models \[[@CR27]\].

Appendix: An Iterative Approach Using Pseudospectral Method {#Sec17}
===========================================================

The necessary high-order of accuracy in the $\documentclass[12pt]{minimal}
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                \begin{document}$$X$$\end{document}$-direction required for computation of the internal tissue pressure may be also obtained using a pseudospectral approach along with an iterative scheme similar to the method for computing the incompressible Navier--Stokes equations \[[@CR58]\]. Here we provide a detailed description for this approach for the tissue growth system in terms of solving the Poisson's equation for a comparison with the presented high-order finite difference approach.
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